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NEW TRANSCENDENTAL NUMBERS FROM CERTAIN SEQUENCES
HÙNG VIÊ. T CHU
ABSTRACT. We construct three infinite decimals from certain digits of nn, nm, and
(n!)m (for any fixedm) and show that all three are transcendental. In particular, while
previouswork looked at the last non-zero digit of nn, we look at the digit right before its
last non-zero digit. Secondly, we prove the transcendence of the infinite decimal from
the last non-zero digit of n4m. Finally, we generalize Dresden’s result by showing that
the decimal from (n!)m (m not divisible by 4) is also transcendental. We end with a
list of questions for future research.
1. INTRODUCTION AND MAIN RESULTS
We begin by giving the definition of a transcendental number and its brief history.
Definition 1.1. An algebraic number is a complex number, which is a root of a non-zero
polynomial equation with integer coefficients. A number is said to be transcendental if
it is not algebraic.
The name transcendental comes from the Latin transcende˘re that means to transgress
or to go over. It was generally believed that Euler was the first to define transcendental
numbers in the modern sense. Though much less is known about transcendental num-
bers than algebraic numbers, transcendental numbers are not rare. In fact, Cantor [2]
proved that most numbers are transcendental because while the set of complex num-
bers is uncountable, the set of algebraic numbers is only countable. In 1844, Liouville
constructed and proved the transcendence of
∞∑
k=1
10−k! = 0.11000100000000000000000100 . . . ,
which is now known as the Liouville constant, the first transcendental number to be
proved.
Later, Hermite and Lindemann showed the transcendence of e and π, respectively
[9]. It is worth noting: in 1837, Wantzel [10] proved that lengths constructible with
ruler and compass must be algebraic. This result is a breakthrough towards showing the
impossibility of squaring the circle, a famous problem dated back to the ancient Greeks;
therefore, Lindemann’s proof of the transcendence of π stopped fruitless attempts of
circle squarers.
In 1934, the Gelfond-Schneider theorem made another breakthrough on transcen-
dental numbers. It states that if a and b are algebraic numbers with a 6= 0, 1, and b
irrational, then any value of ab is a transcendental number. Nowadays, much is still
unknown about transcendental numbers. For example, the following are possible tran-
scendental numbers not yet (dis)proved: π±e, π ·e, π/e, πe, the Riemann zeta function
at odd integers, the Euler-Mascheroni constant γ, and this list goes on.
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We are now ready to look at our numbers of concern. First, consider the last digit of
each term in sequence {(nn)}∞n=1. We construct the number N = 0.d1d2d3 . . ., where
dn is the last digit of nn. For example, since 11 = 1, 22 = 4, 33 = 27, 44 = 256, and
so on, we have N = 0.1476563690 . . .. In 1998, Euler and Sadek [6] proved that N is
rational with a period of 20; that is,
N = 0.14765636901636567490
= (1476563690 1636567490)/(9999999999 9999999999).
Though surprising, the result is not hard to prove by noticing that
nn ≡ (n+ 20k)n+20k mod 10.
Later, Dresden [3] extended this nice result by looking at the numbers formed by the last
non-zero digits of nn and n! and proved that they are both irrational. This is an interest-
ing and somewhat counter-intuitive result because ignoring 0 as the last digit changes
the number radically.1 Dresden also raised the question of whether they were transcen-
dental and answered this positively in a later paper [4]. The proof used an ingenious
technique involving the below theorem that characterizes transcendental numbers.
Theorem 1.2 (Thue, Siegel, Roth). 2 For α algebraic and ε > 0, there exist only finitely
many rational numbers p/q such that∣∣∣∣α− pq
∣∣∣∣ < 1q2+ε .
Thus, if we can show that for some fixed ε > 0, there are infinitely many such
numbers p/q that satisfy the above inequality, then α is transcendental. Since then, re-
search on numbers formed by the last non-zero digits has made considerable progress.
In particular, Grau and Oller-Marcen [7] studied the sequences defined by the last and
the last non-zero digits of nn in base b. Ikeda and Matsuoka [8] generalized Dresden’s
technique and found new examples of transcendental numbers formed by nn, nn
n
, nn
n
n
,
etc. and the number of trailing zeros of nj for any fixed j ∈ N.3 Last, but not least,
Deshouillers and Ruzsa [5] employed Dresden’s technique to prove an asymptotic den-
sity of a certain sequence. However, none has looked at the digit right before the last
non-zero digit. We call this digit rbln (right before the last non-zero).
Our first main result concerns this natural extension; that is, we work with the number
P = 0.d1d2d3 . . ., where dn is the rbln digit of nn. In order that P is well-defined, if nn
has exactly 1 non-zero digit, we will take 0 as the rbln digit. Formally, let n ∈ N, then
the function rbln(n)
(1) gives 0 if n has exactly one non-zero digit,
(2) gives the rbln digit of n if n has at least two non-zero digits.
1Dresden looked at the last non-zero digit of n! because after n = 4, the last digit of n! is always zero.
In a letter to Mathematics Magazine (February 2002), Stan Wagon pointed out that the question of the
periodicity of the last non-zero digit of n! appeared several times in Crux Mathematicorum in the 1990s.
2This theorem is built from the work of three mathematicians and is optimal in the sense that if we
drop the ε, we theorem no longer holds.
3Trailing zeros are zeros at the end of a number (if any).
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For example, rbln(1000) = 0 and rbln(10504200) = 4. Our definition of the function
rbln is natural since 1000 = 01000, and so, rbln(1000) = rbln(01000) = 0. On the
other hand, the function lnzd(n) is defined as in [3]; that is, lnzd(n) gives the last non-
zero digit of n.
Theorem 1.3. Let P = 0.d1d2d3 . . ., where dn = rbln(n
n). Then P is transcendental.
To prove Theorem 1.3, we use Dresden’s technique [4]. However, because we con-
sider the rbln digits, our proof requires a non-trivial argument about the invariance of
rbln(nn) across certain values of n (see Lemma 2.1 and Lemma 2.3 below).
Our next result involves the sequence {n4j}∞n=1 for a fixed j ∈ N.
Theorem 1.4. Fix j ∈ N. Let N = 0.d1d2d3 . . ., where dn = lnzd(n
4j). Then N is
transcendental.
Finally, we generalize a result in [4].
Theorem 1.5. Fix j ∈ N. Let Dj = 0.d1d2d3 . . ., where dn = lnzd((n!)
j). Then
(1) Dj is rational if 4 divides j.
(2) Dj is transcendental if 4 does not divide j.
2. PROOF OF THEOREM 1.3 - A NUMBER FROM THE DIGITS OF nn
2.1. Preliminaries. The following lemma is very useful in proving the transcendence
of P . It shows the relationship between lnzd(nn) and rbln(nn).
Lemma 2.1. Let n ∈ N and 100 | n. Then
(1) lnzd(nn) = 6 implies that rbln(nn) = 7,
(2) lnzd(nn) = 5 implies that rbln(nn) = 2,
(3) lnzd(nn) = 1 implies that rbln(nn) = 0.
Proof. First, we prove item (1). In order that lnzd(nn) = 6, lnzd(n) ∈ {2, 4, 6, 8}. We
consider the case when lnzd(n) = 2. The other cases are similar. Let n′ be the number
n without its trailing zeros and let i ≥ 2 be the largest integer such that 10i | n. We
have
rbln(nn) = rbln((n′ · 10i)n
′·10i) = rbln((n′)n
′·10i) = rbln((n′100)n
′·10i−2).
If rbln(n′) = 0, then since 2100 ends in 76, n′100 ends in 76. So, (n′100)n
′·10i−2 also ends
in 76, which implies that rbln(nn) = 7. If rbln(n′) 6= 0, note that 12100, 22100, . . . , 92100
all end in 76. Again, we have rbln(nn) = 7.
The proof of item (2) is similar to the proof of item (1), so we omit it.
We now prove item (3). Because lnzd(nn) = 1, d = lnzd(n) = lnzd(n′) ∈
{1, 3, 7, 9}. So, lnzd(n100) = 1. Let k = rbln(n100) and ℓ = rbln(n′). Then k is
determined solely by the integer ℓd. Since d ∈ {1, 3, 7, 9}, ℓd is divisible by neither 2
nor 5. A quick check for all possible numbers ℓd in {1, 2, . . . , 99} by computer shows
that (ℓd)100 ends in 01. Hence, k = 0. Since 100 | n, we know that rbln(nn) = 0. 
Corollary 2.2. Let n ∈ N and 100 | n. The following claims are true.
(1) If lnzd(n) is in {2, 4, 6, 8}, then rbln(nn) = 7.
(2) If lnzd(n) = 5, then rbln(nn) = 2.
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(3) If lnzd(n) is in {1, 3, 7, 9}, then rbln(nn) = 0.
Proof. The proof follows directly from [3, Lemma 3] and Lemma 2.1. 
We now prove a lemma parallel to [4, Lemma 2].
Lemma 2.3. Let n ∈ N and 100 ∤ n, then
rbln(nn) = rbln((n + 100)n+100).
Proof. Because n is not divisible by 100, either the last digit of n is non-zero or the
next-to-last digit of n is non-zero. We consider the two corresponding cases.
Case 1: the last digit of n is non-zero. Call this digit d. Then the last digits of nn and
(n + 100)n+100 are also non-zero. Hence, it suffices to prove that
nn ≡ (n+ 100)n+100 mod 100.
Equivalently,
nn ≡ nn · n100 mod 100 or nn(n100 − 1) ≡ 0 mod 100.
If d is in {2, 4, 6, 8}, then 4 | nn and n100 ends in 76 as in the proof of Lemma 2.1
item (1). So, 75 | (n100 − 1) and so, 100 | nn(n100 − 1), as desired.
If d is in {1, 3, 7, 9}, then n100 ends in 01 as in the proof of Lemma 2.1 item (3). So,
100 | (n100 − 1) and so, 100 | nn(n100 − 1), as desired.
If d = 5, then n100 ends in 25 as implied by Lemma 2.1 item (2). So, n100 − 1
ends in 24 and thus, 4 | (n100 − 1). On the other hand, since 5 | n, 25 | nn. Hence,
100 | nn(n100 − 1), as desired.
Case 2: the last digit of n is zero and the next-to-last digit, called d, is non-zero. Let
n′ = n/10. Note that lnzd(n′) = d. It suffices to prove that
n′n ≡ (n′ + 10)n+100 mod 100.
Equivalently,
n′n ≡ n′nn′100 mod 100 or n′n(n′100 − 1) ≡ 0 mod 100.
The same argument as in Case 1 would show that the last equality holds.
We have completed the proof. 
2.2. Proof of Theorem 1.3. Recall that we form our number P = 0.d1d2d3 . . . with
dn = rbln(nn). In particular,
P = 0. 0025254180 1551717277 2867270364
3713731057 4609296542 5975755837 . . . .
At this point, we hardly see any pattern. To prove transcendence, we will show that
there are infinitely many rational numbers pn/qn such that∣∣∣∣P − pnqn
∣∣∣∣ < 1q2.4n .
Then, by Theorem 1.2, P is transcendental. To discover a pattern, let’s create a sequence
of numbers P0 = P, P1, P2, . . . such that each Pn is formed by replacing every digit in
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Pn−1 with zeros except for every tenth digit (which will be left alone). The following
picture illustrates the process
P0 = 0. 0025254180 1551717277 2867270364 3713731057 4609296542 . . .
P1 = 0. 0000000000 0000000007 0000000004 0000000007 0000000002 . . .
P2 = 0. 0000000000 0000000000 0000000000 0000000000 0000000000 . . .
The number P1 keeps the digits of P0 at the 10th, 20th, 30th, etc. decimal places. The
number P2 keeps the digits of P0 at the 100th, 200th, 300th, etc. places. In general, the
number Pn keeps the digits of P0 at the 10n, 2 · 10n, 3 · 10n, and so on. Let’s look at
the digits we keep by condensing all the replacements of 0 in the above construction,
but distances between digits still corresponds to the number of zeros between them. We
observe a beautiful pattern after P2
P0 = 0.0025254180 . . .
P1 = 0. 0 7 4 7 2 7 4 7 0 0 . . .
P2 = 0. 0 7 0 7 2 7 0 7 0 0 . . .
P3 = 0. 0 7 0 7 2 7 0 7 0 0 . . .
P4 = 0. 0 7 0 7 2 7 0 7 0 0 . . .
By Corollary 2.2, we know that for all i > j ≥ 2, the sequence of digits we keep for Pi
is the same as the sequence of digits we keep for Pj . This implies that Rn = Pn−Pn+1
is rational for n ≥ 2; the cases n = 0 and n = 1 follow immediately from Lemma 2.3.
Observe that for n ≥ 2,
Pn = 0. 0 7 0 7 2 7 0 7 0 0 . . .
is quite close to the rational number
sn
tn
= 0. 0 7 0 7 0 7 0 7 0 7 . . .
Actually, these non-zero digits of sn/tn are 10n decimal places apart. So,
sn
tn
=
7
102·10n − 1
.
Also, because tn < 102·10
n
, we have∣∣∣∣Pn − sntn
∣∣∣∣ < 3105·10n < 1104.8·10n < 1t2.4n .
Let’s now relate this back to P . Since Rn = An − An+1 has period 10n+1 for n > 0,
we know that each rational number Rn has denominator 1010
n+1
− 1 for n > 0 and
denominator 10100 − 1 for n = 0. For each n ∈ N, define pn/qn as
pn
qn
=
( n−1∑
i=0
Ri
)
+
sn
tn
.
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Because the denominator of each Ri divides tn, we know that qn = tn = 102·10
n
− 1.
Finally, ∣∣∣∣P − pnqn
∣∣∣∣ =
∣∣∣∣P −
( n−1∑
i=0
Ri
)
−
sn
tn
∣∣∣∣ =
∣∣∣∣Pn − sntn
∣∣∣∣ < 1t2.4n =
1
q2.4n
.
By Theorem 1.2, we know that P is transcendental.
3. PROOF OF THEOREM 1.4 - A NUMBER FROM THE DIGITS OF n4j
The following proposition is trivial, so we omit the proof.
Proposition 3.1. For n and j ∈ N, then
lnzd(nj) ≡ lnzd(n)j mod 10.
Proof of Theorem 1.4. Fix j ∈ N and form N = 0.d1d2d3 . . ., where dn = lnzd(n4j).
Let’s create three numbers N0 = N,N1, N2 such that each Nn is formed by replacing
every digit inNn−1 with zeros except for every tenth digit (which will be left alone). The
number Nn keeps the digits of N0 at the 10n, 2 · 10n, 3 · 10n, and so on decimal places.
For example, we look at j = 1. We investigate all non-zero digits by condensing the
zeros in the above construction, but distances between digits still corresponds to the
number of zeros between them. We observe a beautiful pattern.
N0 = 0.1616561611 . . .
N1 = 0. 1 6 1 6 5 6 1 6 1 1 . . .
N2 = 0. 1 6 1 6 5 6 1 6 1 1 . . .
Notice that the sequence of nonzero digits of Nn is the same for all n. This is due to
Proposition 3.1. Furthermore, also due to Proposition 3.1, we know that Rn = Nn −
Nn+1 for all n ≥ 0 is rational. If we can prove the transcendence of N2, we prove the
transcendence of N0 because
N0 −N2 = (N0 −N1) + (N1 −N2) = R0 +R1,
which is rational. But what is N2? We claim that N2 equals the number A2 in [4]. To
prove the claim, it suffices to show that for n divisible by 100, lnzd(nn) = lnzd(n4),
which is certainly true due to [3, Lemma 3]. As A2 is transcendental, N2 is also tran-
scendental, as desired.
Recall that we have only proved Theorem 1.4 when j = 1; however, for all j, N is
the same. So, we have completed the proof. 
4. PROOF OF THEOREM 1.5 - A NUMBER FROM THE SEQUENCE (n!)m
For a fixed j ∈ N, our number Dj is 0.d1d2d3 . . ., where dn = lnzd((n!)j). Dresden
[4] proved that D1 is transcendental; however, we realize that the proof can be general-
ized toDj . The main difficulty in our generalization is to prove that Dj is irrational for
all j not divisible by 4. Like Dresden, instead of working directly onDj , we will create
a new numberD′j .
First, consider j divisible by 4. Write j = 4j0. By [3, Lemma 1], for n ≥ 2, we get
dn = lnzd((n!)
j) ≡ (lnzd(n!))4j0 ≡ 6j0 ≡ 6 mod 10.
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So, Dj is 0.16666666666 . . . = 0.16 = 1/6.
Next, consider j not divisible by 4.
Definition 4.1. For n ≥ 0, define ℓj(n) =
{
6 : n = 0, 1
lnzd((n!)j) : n ≥ 2.
Form D′j = 0.d0d1d2d3 . . ., where dn = ℓj(n). For example,
D′1 = 0.66264 22428 88682 88682 44846 . . . (625 digits per line)
66264 22428 88682 88682 44846 . . .
22428 44846 66264 66264 88682 . . .
66264 22428 88682 88682 44846 . . .
44846 88682 22428 22428 66264 . . .
22428 44846 66264 66264 88682 . . .
...
...
...
...
...
D′2 = 0.66466 44644 44644 44644 66466 . . . (625 digits per line)
66466 44644 44644 44644 66466 . . .
44644 66466 66466 66466 44644 . . .
66466 44644 44644 44644 66466 . . .
66466 44644 44644 44644 66466 . . .
44644 66466 66466 66466 44644 . . .
...
...
...
...
...
It is clear thatDj = 10D′j − 6.5, so it suffices to prove thatD
′
j is transcendental. By [4,
Lemma 1] and by our definition of ℓj(n), the following lemma holds.
Lemma 4.2. For r a multiple of four, the first 5r digits ofD′j equal the second 5
r digits.
We now appeal to the very useful theorem by Adamczewski [1].
Theorem 4.3 (Adamczewski, Bugeaud, Luca). Let α be irrational, and suppose there
exist two sequences {Un}, {Vn} of finite words on {0, 1, . . . , 9} and a real numbers
x > 1 such that
(1) For every n ≥ 1, the word UnV xn is a prefix for α,
(2) The set
(
|Un|
|Vn|
)
n≥1
is bounded,
(3) The set |Vn| is strictly increasing.
Then, α is transcendental.
In the notation of Theorem 4.3, let Un = {}, let Vn be the first 54n digits of D′j , and
let x = 2. All three criteria of Theorem 4.3 are satisfied. If we can show that D′j is
irrational for j not divisible by 4, then we know that D′j is transcendental.
Theorem 4.4. For j not divisible by 4, D′j is irrational.
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Proof. Fix j not divisible by 4. Suppose that D′j is rational and let λ0 be the period so
that for every sufficiently large n, dn = dn+λ0 . Let i be the largest integer such that
5i ∤ λ0 and write λ0 = 5i · K for some K ∈ N. Let λ = 10i · K. Because K is not
divisible by 5 and thus, not divisible by 10, we have
lnzd(λ) = lnzd(K) ≡ K mod 10.
ChooseM sufficiently large such that
(1) lnzd(10M + λ) = lnzd(λ),
(2) dn = dn+λ for all n ≥ M .
Finally, let d = lnzd(((10M − 1)!)j); since ((10M)!)j = ((10M − 1)!)j · (10M)j , d also
equals lnzd((10M !)j). Because λ is a multiple of the period λ0, if we letA = 10M−1+λ
and B = 10M − 1 + 2λ, then
d = lnzd(((10M − 1)!)j) = lnzd((A!)j) = lnzd((B!)j),
d = lnzd((10M !)j) = lnzd(((A+ 1)!)j) = lnzd(((B + 1)!)j).
By [3, Lemma 1], we know that 5 ∤ d and so, lnzd((A!)j) 6= 5. Also, since
lnzd((A+ 1)j) ≡ (lnzd(10M + λ))j = (lnzd(λ))j ≡ Kj mod 10,
we know that lnzd((A+ 1)j) 6= 5. By [3, Lemma 2], we have
d = lnzd(((A+ 1)!)j) ≡ lnzd((A!)j) · lnzd((A + 1)j) ≡ d ·Kj mod 10.
Likewise, working with B, we find
d = lnzd(((B + 1)!)j) ≡ lnzd((B!)j) · lnzd((B + 1)j) ≡ d · (2K)j mod 10.
Combining the two equations, we get
d(1−Kj) ≡ d(1− (2K)j) ≡ 0 mod 10.
Because 5 ∤ d, this implies that 5 | (1 − Kj) and 5 | (1 − (2K)j) and so, 5 divides
Kj(2j − 1). We claim that this is a contradiction for j not divisible by 4. Indeed,
because 5 ∤ K, 5 | (2j − 1); however, this only happens when j is divisible by 4. We
have found a contradiction and so, our D′j is irrational. 
Now that Theorem 4.4 is proved, we know that D′j is transcendental for all j not
divisible by 4.
5. FUTURE WORK
We end with several questions for future research. First, is there a simple sufficient
condition on which sequences produce transcendental numbers? Note that Ikeda and
Matsuoka gave a sufficient condition [8]; however, the condition requires a check for
rationality, which is not always easy. Another question is whether the decimal from the
last non-zero digits of the triangular numbers transcendental?4 What about their rbln
digits? Next, we can examine {nj}∞j=1 for some j not a multiple of 4? Last, but not
least, is the decimals from the last digits of the prime numbers transcendental? 5
4Dresden [4]
5Euler and Sadek [6]
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